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3aHartue Ne 16. Mepsas Kpaesas 3agava Ana ypasHeHus Jlannaca B
npAamoyronbHuke. Metog ®Pypbe

A=u, +u, =0, 0<x<a, O<y<b, (1)
u(0,y) = u(y), u@y)=v(y), 0<y<b, (2)
u(x,0)=u(x,b)=0, 0<x<a, (3)

#(0) = u(b) =v(0) = v(b) = 0.

Bygem nckaTb HeHy/eBOe pelleHue ypasHeHua flannaca (1) B Buae:

u(x, y) = X(x)Y (y) (4)
MNoacTasnas (4) B (1) n pasgenas nepemeHHble, NOAYYNM:
X (X) = —Y (y) = C = const.
X(x) Y ()
Otciofa byaem nmeTb:
X"(x)—cX(x)=0, O<x<a, (5)
Y*'(y)+cY(y)=0, O<y<h. (6)
MoacTtasus (4) B rpaHUYHbIe ycnoBua (3), NOAYy4MM yCa0BMSA
Y(0)=Y(b) =0, (7)

KOTOpble BMecTe C ypaBHeHuneMm (6) gatot 3agauy Ltypma-/inysunns. OHa
MMeeT cieaytollee pelleHune:



ck:(%J v =sin Y =2, k=12,

Ana Kaxaoro 3HauyeHna napameTtpa C = C, obuyee peleHne ypaBHeHUA (5)
UMeeT BUA;:

k7x k7x

X(x)=Ae® +Be °.

B pesynbtaTe nonyyaem peweHue ypaBHeHua (1) B Buae psga no cob-
CTBEHHbIM GyHKLMAM 3agaum LLU-N (6), (7):

- == )k
u(x,y):zxk(x)vk(y){(Akeb +Bye b]smT”y. (®)
k=1 k=1

MpousBo/ibHble NocTosiHHbIe Ak 1 By Hallaem, noaumums pag (8) rpaHuu-
HbIM ycnoBuam (2):

a0, = (A + 8, Jsin 2 = ),

k=1

u(a,y) = Z[Ake b +B.e I(Za]sink%y:v(y).

Paznoxue oyHKumMM p(y) 1 v(y) B pag no cobecteeHHbIM Yi(y), noayymm:

A+B, =—Ju(y>sm—ydy e

b
kra kra ob (9)
Ae® +Be * =B£v(y)5|n bydy =V,
k=12,..

Cuctema (9) MmeeT cneaytolLee pelleHue:



kza kza

b b
M€ -V
kﬂa ! Bk == kﬂa ‘ ’ k =l,2,....
2sh—— 2sh——
b b

MoacTaBuB NoJslyyeHHble BblpaxkeHusa ans Ax 1 By B pag (8), nonyunm

kzz(a—Xx)

m b sin kﬂy.
1 Shﬁ b
b

» Vi Shk;ZX+,uk sh

u(x,y) =

k

3apgaya HelimaHa gna ypaBHeHus Jlannaca B NpsiMOYro/ibHUKe
Au=0, O<x<a, O<y<bh,
u,(0,y) =u,(a,y)=0, u,(x,0)=f(x), u,(xb)=g(x).

byaem nckaTb HeHyneBoe pelleHne ypasHeHUA Jlanaaca B Buje:

u(x, y) = X(x)Y (y) (1)
Moactasnan (1) B ypaBHeHWe Jlannaca v pasgensas nepemeHHble, NoJyUYnM:
X (X) = —Y (y) =C = const.
X(x) Y(y)
OTciona byaem nmeTsb:
X"(x)—cX(x)=0, O<x<a, (2)
Y"'(y)+cY(y)=0, O<y<h. (3)
MoacTasmB (1) B 04HOPOAHbIE FPaHMYHbIE YCN0BMA, MONYYNUM YCNOBUSA
X '(0) = X '(a) =0, (4)

KOTopble BMecTe ¢ ypaBHeHueMm (1) gatoT 3agady LUTypma-/inysmnns. OHa
UMeeT cnegylollee pelleHme:



kz )’ Kk 7zx
Cy =—(—j , X (X)=cos—, k=01,..,
a a

, |a, k=0,
X0 {3 1o

[na kaxporo 3HayeHna napameTpa C = C, obuiee pelueHne ypaBHeHUs (3)

nweet BunA;:
kzy _kay

Yo(Y)=AYy+B,, Y (y)= Ake? +B.e e

B pesysnbTaTe nonydaem peleHWe ypaBHeHuWs Jlansnaca B BMAe paga no
CcobCTBEHHbIM dYyHKUMAM 3agaum LL-/1(2), (4):

S a Ll Y kax
U, Y) =D X, ()Y (V) =Ay+B,+> | Ae® +Be * cos==.(8)
k=0 k=1

NoAYMHUM NoNyYeHHbIN pag, (8) rpaHUYHbIM ycnoBuam npuy =0 mny = b.
byaem nmetsb:

u,(x,0)=A, + i‘%(Ak - B, )cosk?ﬂx = f(x),

k=1
b kzb

u, (x,b) = A, + i%”(&eka ~-Be @ jcos%ZX =g(x).

Pasnaraa o¢yHkumn f(X) 1 g(X) B pag no cobcTBEHHbIM  GYHKUMAM
X (x) = Coskaﬂl , MOYYUM YCNOBMA ANA HAX0XKAeHUA KoadduumeHTos Ay,

Ay, Bk. TaK Kak gns onpegeneHna Ao UMeem ABa ypPaBHEHUSA:
1% 1%
A==[T00dx A ==[g()dx,
a 0 a 0

Tos Ccnydae, eCin He 6yp,eT BbIMOJ/IHEHO yCn10BUe



jf(x)dx:jg(x)dx, (9)

TO paccmaTpuBaeman 3agadva HelimaHa He byzeT MmeTb peweHus. Ecam
ycnosue 6yaeT BbINOJHEHO, TO

1 a
A=2 ! f (x)dx, (10)

a koadpoduumerTsl Ax 1 By (K # 0) paga (8) Hallgem, pelias cuctembl ypas-
HEeHUN:

kz(a B, )= gjl f (x)cosk?ﬂxdx,

(11)

kb
T”(Ake a _Be @ J _[g(x)cos—dx
k=12,.

TaK Kak g1 Kaxgoro K onpegenutenb matpuubl cuctembl (11) otanueH ot
0, To cuctema (11) umeeT egMHCTBEHHOE pPEeLLEHME.

KoadpdpuumeHt By paga (8) He moxkeT 6biTb onpegeneH oAHO3HAYHO, OH
NPUHUMAET NPOM3BOJIbHbIE 3HAYEHUA.

BbiBoA: 3adava HelimaHa umeem peweHue, ecau 2paHu4Hble yHKYUU
yooesnemseopsarom ycaosuto (9). lpu amom peweHue moxem 6bimb 3anu-
caHo 8 sude pAada (8), koapguyueHmsl komopozo Ao, Ay, Bk (K # 0) onpede-
naomca ycaosuamu (10), (11), a Bo— npouseonsbHas nocmosHHas.



Pa3o6patb pelueHue cneaylowmx sagau:
C. 154, Ne 48
Au=u, +u, =0, 0<x<a, 0<y<hb,

u(O,y):Asin%, u(d,y)=0, 0<y<hbh, (1)

u(x,0) = Bsin%, u(x,b)=0, 0<x<a.

Byaem McKaTb pelueHune Kpaesol 3agaum (1) B BUAE CyMmmbl:

u(x,y) =v(x,y) + w(x,y), (2)

Korga ¢yHKumm V(X,y) n W(X,y) ABAAIOTCA COOTBETCTBEHHO peLleHUAaMM cie-
OVIOWMX KpaeBbIX 3a4au:

Av=0, O0O<x<a, O<y<hbh,
v(0,y)=v(a,y)=0, 0<y<Dh, (3)

v(x,0) = Bsinz, v(x,b)=0, 0<x<a,
a

Aw=0, O<x<a, O<y<hbh,
w(x,0) =w(x,b)=0, 0<x<a, (4)

w(0,y) = Asin%, w(a,y)=0, 0<y<h.

PeleHune KpaeBol 3a4aum (3) MOXKHO HalTK B BMAE pAAa NO COBCTBEHHbIM
odyHRUmAm Xi(X) (rpaHMuHble ycnosua ogHopoaHble ana X =0 u X = a):



VXY = 2 XY, () = % (sin )

MoacTtasus (5) B ypaBHeHMe Jlaniaca u rpaHUYHble ycnoBuA 3agaum (3) npu
y=0wny=Dh, nonyuum cnegyrowme Kpaesble 3agauu:

2
Yk"(y)—(%j Y.(y)=0, O<y<b, keN,

(6)

Y.(0) =12 k=1 Y (b)=0, keN
o, kzy  TTEET
pewuB KoTopble, Hanaem Yi(y):
CE)
Y, (y)=B——2— Y (y)=0, Vk=1.
b
sh—
a
Takmum obpasom, aAna 3agaqm (3) nonyyaem cnegylollee pelleHme
ﬂ(t;—y)
v(X,y)=B—=—sin—.
) sh b a

CpaBHuBan ycnosus 3agad (3) u (4), HETPYAHO YCTaHOBUTbL, YTO pelleHue
3afauu (4) umeert BuAa;:

m(a—x) oy
w(Xx,y) = A— b sin®,
(X, y) sh7s 0
OrBerT:
7by) L shE@N

u(x,y)=B——2 sin=+ A— 5 sin=Z,
(x.y) sh 2 a sh72 b



C. 154, Ne 49
Au=-2, 0<x<a, O<y<b,
u@,y)=u(a,y)=0, 0<y<hb,
u(x,0) =u(x,b)=0, 0<x<a.

PelueHune KpaeBoii 3aa4M ULLETCA B BUAE pALa No COHBCTBEHHbIM GYHKLUM-
AM:

u(x,y) = Y, (sin <X (1
k=1

MoacraHoska paga (1) B ypasHenne U, +U, =—2 1 rpaHNuHble yCIoBMA
u(x,0) =u(x,b) =0 paet cneayroume Kpaesble 3a4aumn AN onpeaeneHus
dyHrumin Y, (y) :
. 2 -8 k=2n-1, n=12,..
Y, (y) - (=YY, (y) =2 [sinkzxdx={ *’ ’ T
AURCARS) ! : { 0, k=2nn=12..,
Y, (0)=Y,(b)=0, k=12,.

OuyeBNAHO, ANA YETHbIX k 33434 Kowmn nmetoT HyneBble pewweHuna. Pewasn
33434 Kowu ona HeyeTHbIX k, nony4ynm:

ul Y gg?
Y (y)=Cye® +C,e ° +W1
roe
2 2 kab
C_8a e -1 _ 8" 1-e*®
Y (kr)® 2shkbd’ 2 (km)® 2shkd’

MoactaBus HageHHble Yk(Y) B pag (1), yuuTbiBas, YTo HeHyneBbiMK By ayT
TO/IbKO C/laraemble, COOTBETCTBYIOLLME HeYETHbIM K, noayumm:



2 (2n-) 7z (b-y) (2n-)ny
u(x, y)=812 L +Sh7 a__ |gin{2nbm
: (2n—1)sh (202D 8

C. 154, Ne 49 (BTOpOi1 cnocob)

Tak Kak npasas yacTb ypasHenua f(X,Y)=—-2u rpaHnuHbie yHKuMK B
ycnosuax U(0,y) =u(a,y) =0 He 3aBMCAT OT Y, TO pelleHne MOXHO UC-
KaTb B BUAE:

u(x, y) = v(x) +w(x,y),
rae ¢oyHKummM V(X) 1 W(X,y) ABAAIOTCA pelieHnaMU Caeayomx KpaeBblx 3a-
fau:

{v"(x) =-2, 0<x<a,

1)
v(0) =v(a) =0,
Aw=0, O<x<a, O<y<b, )
{W(O, y)=w(a,y) =0, w(x,0)=w(x,b)=-v(x). @

PeweHnem rpaHnyHoi 3agaum (1) asnsetca pyHkuma: V(X) = x(a—X).

PeweHwne 3agaum (2) byaem uckatb B BUAE pAga No co6CTBeHHbIM GYHKLM-
am :

= . kax
w(X, y)=ZYk(y)smL. (3)
k=1 a
MoacraHoska paga (3) B ypasHenne AW=W, +W, =0 u rpaHuuHbie
ycnosua W(X,0) =w(x,b) =—v(x) = x(X—a), aaet cneayowme Kpaesble

3agauv ans onpegenenus dyHkumi Y, () :



Y - (%) Y (y) =0,
Y. (0) =Y, (b) :éjx(x—a)sin %dx,

k=12, ..

3aBepLuTb pelieHune

27.05.2026 ~—I
3aHAaTue Ne 17. Kpaesble 3agaum ana ypasHeHua Jlannaca u MNyaccoHa

3apaya Aupuxne n HelMmaHa Ana ypasHeHWa Jlannaca B Koable (§ 3, c. 11-

17)

C. 157, Ne 63 (3agava Aupuxne ans ypasHeHua JSlannaca B KonbLe)

Nepeiasa K nonsapHbim KoopamHatam U(X, y) — V(r, @), nonyunm Kpaesyto
3apauy:

AV(r,p)=0, 2<r<3 0<¢p<2r,

V(2,p) =2cosp, V(3,p)=3sinp, 0<p<2r.

Obuiee peleHne ypaBHeHUs Jlannaca B KobLe:

v(r,g) =
= A Inr+ By + D (Ar* + A, r*)coske+(B,r“+B_r*)sinke.
k=1

MNogunHum o6u1,ee peweHne 3agaHHbIM rpaHNUYHbIM YC/10BUAM:


https://math-it.petrsu.ru/users/semenova/UMF/Lections/UPP_Lections-DO-4.pdf
https://math-it.petrsu.ru/users/semenova/UMF/Lections/UPP_Lections-DO-4.pdf

V(2,40) =2cC0S¢ =

=AIn2+B, +i(,6,(2k +A, 2 ) coskp+ (B, 2“+B , 27)sinkg,
v(3,9) :L%S,in(,zbk:=l

=A In3+B, +§;(Ak3k +A, 3 )coskg+ (B 3“+B_ 3)sinkg,

MOCTPOMM CUCTEMBI YPaBHEHWIN ANA HaxoxaeHna KoadduumeHTos Ao, Bo,
Ay, Ay, By, B

AjIna+B, =0 A, =0,
o
A, Inb+B, =0 B, =0,

2A +A 271 =2, - A =-¢,
3A +A,37 =0,

, 2B, +B_,27' =0, - B, =%,
3B, +B 3" =3,

0

A2"+A, 27" =0,
A3“+A,3%=0,

B, 2“+B, 2% =0, B, =0,
B, 3“+B,3"=0, 0

Takum obpaszom,
v(r,@) =(—4r+%1)cosp +(2r — £ 1)sing.

Bo3Bpalanch K AeKapToOBbIM KOOPAMHATAM, NOY4YUM



=Y 4 36, Xy
U(X, Y)—Ey_gx+?' Xry?

o

C. 156, No 58 (4). 3apgaua Aupuxne ans ypasHeHus NyaccoHa B Kpy-
re:

Au=y, 0<x*+y’<R?
u(x, y)|x2+y2:R2 =1.

Nepeiasa K nonAapHbiM KoopamHatam U(X, y) — V(r,¢), nony4nm Kpaesyto
3agauy:
—_ 1 1 _ 1
{Av(r,go) =V, +7V, +3V, =rsing, 0<r<R, 0<¢<27,

V(R,p) =1, 0<@<2r7.

Bygem nckaTb pewweHue B Buae paga dypbe ¢ KoapdpuuneHtamm, KotTopble
ABNAIOTCA QYHKLMAMM I

V(r,9) = A (1) + (A (1) coske + B, ()sinkp) (1)

MoacTaHoBKa psaga (1) B ypaBHeHMe KpaeBoi 3a4a4n AaerT:

AM+EAM) + X (A0 +A M -5 A (D)eoskp+

+i(B,:(r) +1B,(r) - B, (r))sin kg =r-sing.

k=1

MpupaeHuBan KoapduumeHTbl Npu Sinke n coske, nonyunm:



A(r)++A(r) =0,

AN +EAN - A(r)=0, VK,
B.(r)++B(r)-2B,(n=r,

By(r)+ 2B, () - % B, (r)=0, Vk=1.

MoactaHoBKa paaa (1) B rpaHMYHOE YCN0OBME KpaeBol 3a4a4n AaeT:

A(R)+ 3 (A, (R) coske + B, (R)sinkg)coskp =1.

OTcroga nonyvyaem:
AR)=1 A(R)=B,(R)=0 Vk=0.
B pe3synbTaTe noayuynnm cnepyowme Kpaesble 3a4aun:
1) A()+1A()=0, 0<r<R, A(R)=1
2) AM+1A(N-SA()=0, 0<r<R, A(R)=0, Vk=0,
3) B(r)+iB(r)-%B,(r=r, 0<r<R, B/(R)=0,
4) B(r)+%B,(r)-%B(r)=0, 0<r<R, B(R)=0, Vk=L.

Mpu NOCTPOEHMM pelLeHns Kpaesbix 3a4a4 1)-4) cneayeT yunTbiBaTh yco-
BME OrpaHNUYEHHOCTU pelleHus npu r = 0.

Pewenue 3agaun 1): A (r) =1.

YpaBHeHue 3a4a4m 3) ABNAETCA HeOA4HOPOAHBIM ypaBHeHNeM ditnepa’:

r’B,(r)+rB,(r)—B, (r)=r’. (2)

1 0 peweHunn ypasHeHUa ditnepa cMm., Hanpumep, cTp. 74 B «JugepeHyuansHoie
U uHmezpanvHele ypasHeHuA: YuebHoe nocobue . Yactb 1.» (coct. M.M. Kpyuek,
H.HO. CeeToBa, E.E. CemeHoBa. — MeTpo3asoack: U3a-so MeTtply, 2014)
http://elibrary.karelia.ru/book.shtml|?levellD=017&id=20620&cType=1



http://elibrary.karelia.ru/book.shtml?levelID=017&id=20620&cType=1

ObLuee pelleHMe COOTBETCTBYIOLLETO OLHOPOAHOIO UMEET BUA,:
B(r)=C,r+C,r
YacTHoe pelueHne HeOAHOPOLHOTO YPaBHEHMA (2) Ulem B BUAE:
B/(r)=D-r’
MoacTaBnAs BblparkeHme s Bf(r) B ypaBHeHUe (2), Haraem D = 1/8.
Takum obpasom, o6WmUMm pelueHnem ypasHeHuUA (2) agnaetca GyHKLMA:

B, (r)=Cr+Cyr*+1rd.

M3 ycnoBus orpaHMYeHHOCTU pelleHua 3agaun 3) umeem C; = 0. YuntbiBan
ycnosue By(R) = 0, Haitgem C, =—% RZ. Takum 06pasom, NoAyUnn pelue-
Hue 3agaum 3):
B, (r)=—1iR’r+1ir’.

3azaun 2) 1 4) UMeloT HyeBble peLleHUs:

A(r)=0, vk =0,

B (r)=0, Vk=1.
PeweHus 3agaun 1)-4) noactasnsem B pag (1):

v(r, o) :1+(—§ Rr +%r3)sin(p.

Bo3Bpalanch K AeKapToBbIM KOOPAWHATaM, NOJlYyYUM:

u(x, y) =1+§y(x2 +y? —Rz).



