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3aHatme N2 2. MocTaHOBKa KpaeBbiX 3a4a4 419 YpaBHeHuUit napabo-
JIMYECKoro Tuna

n.3,§2: Ne 15(1)

ut(x,t):Duxx(x,t)—%d(u(x,t)—v(t))-yu(x,t)“z, 0<x<l, t>0,
u(x,0) =e(x), 0<x<I,
Du, (0,t) —d(u(0,t) - v(t)) = Du, (I,t) + d(u(l,t) - v(t)) =0, t>0.

D - KoadpdpuumeHT BHyTpeHHe guddysmm rasa,

d - koadduumeHT BHewHel anddy3nm (ra3006meH ¢ OKpyKatoLeit
cpefon yepes NopucTyto rpaHuLy),

S - nnowaap nonepeyHoro ceveHns TpybKu,
P - NepumeTp NOMNEpPeYHOro ceyeHus,
y - Ko3ddUUMEHT pacnasa.

‘ ==| [JomawHee 3agaHue
==
' C.102, Ne13.
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Mn.584. Ne 34

u,(x,t)=Du, (x,t), O<x<l, t>0,

U(x,0) = C,, O<x<h,
710, h<x<l,

u (0,t)=u,(I,t)=0, t=0.
PelseHune KpaeBoii 3aa4mM CTPOUTCA C MOMOLLbIO meToaa dypbe.
OTBerT:
sinkzh M)z Dt

u(x,t):C0£¥+,%z - v

0
k=1

CmellaHHan KpaeBan 3aj4ayva ANA YypaBHEHUA TenI0NpoBOAHOCTH

KpaeBaa 3agaya, onucbiBaloWwas pacrnpocTpaHeHMe Tensia B O4HOPOAHOM
CTEP)KHE C TenJoM30/IMPOBaHHON GOKOBOW MOBEPXHOCTbIO MPU YC/IOBUM,
KOr4a Ha KOHLLAX CTEPKHA NPOUCXOAUT TENN00OMEH CO Cpeaoit ¢ 3a4aHHOM
TemnepaTtypol (nyctb A — TemnepaTtypa OKpyrKatolen cpeabl C TOPLEBOrO
ceyeHun X =0, a B — c Topuesoro ceyeHus x = l):

u =a’u,, O<x<l, t>0, (1)
u,(0,t) —h(u(0,t)— A)=u, (1,0) + h(u(l,t)-B) =0, t>0, )
h =const >0,

u(x,0)=ep(x), 0<x<I. (3)

PeweHune 3a4ayn 6y,CI,EM MCKaTb B BUAE CyMMbl:
u(x,t) = v(x) +w(x,t), (4)



rae dyHKumaA V(X) yaoBNeTBOpseT HEOAHOPOLHbIM MPaHUYHbIM YCI0BUAM:
v'(0) — hv(0) = —Ah,
{VU)+hv0)=Bh
dyHKUMA, yaoBaeTBopsatowan yciosusam (5), moxkeT bbiTb HallaeHa B BUAE:
V(X) = ax + B, (6)

MoacTasmB (6) B (5), noayynm cuctemy IMHENHbIX YPaBHEHUN, peLlas KOTo-
pyto Hangem:

(5)

o NB-A) o BrArAN
2+ hl 2+ hl

3Has V(X), NnocTpoMm Kpaesylo 3agady gna onpegeneHns ¢oyHkumm w(x,t).
MNoactasus (4) B (1)—(3), nonyunm:

(7)

w, =a’w,, O<x<l, t>0, (8)
w, (0,t) —hw(0,t) =w, (1,0) + hw(l,t) =0, t >0, (9)
w(x,0) =p(X) —ax—-fF, 0<x<I. (10)

Bygem uvcKaTb pelueHue Kpaesow 3agauun (8)—(10) B BuMae psga no cob-
CTBEHHbIM QYHKLMAM:

w(Xx,t) :ZTk X, (), (11)

roe cobereHHble dyHKumm X, (X) ABAAIOTCA peweHUsMM COOTBETCTBYIO-
wei 3agaum Wrypma-Ninysunna (LU-N):
X"(x)+cX(x)=0, O0<x<l,
{X'(O) —hX(0)=X"'()+hX(l)=0.
[NA HaxoXA4eHUa BCex 3HayeHuit napameTpa C, NPy KoTopbix 3agava (12)
MMeeT HeHyIeBoe peLleHne, PacCCMOTPUM TPU CyYasn:

(12)

1) Ecnmc =0, To obliee peweHne ypaBHeHUA 3adaum LW-/1 (12):

X (x) = AX + B.



2)

ﬂOp,CTaHOBKa B rpaHN4YHblE YCNOBUA OaET:
{X'(O) —~hX(0)= A-hB=0,
X'(1)+hX (1) = A+h(Al +B) =0.
Ona onpenenntena matpuubl CUCTEMbI UMEEM:
1 -—h

=h(2+hl) #0.
1+hl h

CnepoBatenbHo, 4to A = B = 0. A 3HauuT, 1 B 3TOM C/y4yae MoJsiydyaem
HyneBoe pelleHune 3aaaum (12).

BbiBoa: cob6cTBeHHOE 3HaueHua 3agaum LW-N1 (12) He moryT 6biTb pas-
Hbim 0.

Ecan ¢ < 0 (nyctb ¢ = =A%, A # 0), To obuiee peweHne ypasHeHua (12)
UMeeT BUA:

X (x) = Ae™ + Be ™.
nOLIHVIHVIB €ro rpaHUYHbIM YCI0BUAM, NONYYUM:

X'(0)—hX(0) = A(A-B)—h(A+B) =0,

{X'(I) +hX(1) =A(Ae™ —Be™)+h(Ae” + Be™) =0,
A(A—-h)-B(1+h)=0,
{A(/I +h)e? —B(1-h)e™ =0.

MonyyeHHana cuctema (13) umeeT HeHyneBoe pelueHune (A, B), ecnu
onpeaenuTenb MaTpuULbl CUCTEMbI paBeH 0O:

A-h  —(A+h)
(1+h)e” —(A—h)ye™
& (B+h?)E" -e™)+2ahE™ +e ) =0.

YpaBHeHue (14) He MMeeT BelWeCTBEHHbIX KOPHEeW, OTANYHbIX oT 0, Tak
KaKk npu A < 0 neBas yacTb ypaBHeHUA meHble 0, a npu A > 0 — NoN0XKU-

(13)

(14)



TeNbHa. 3HauuT, onpeaennTens matpuubl cuctembl (13) oTamyeH ot O
npu nobbix A # 0, n cuctema (13) nmeet Hynesoe peweHune A = B = 0.
CnepoBatenbHo, 3aga4a (12) MMeeT TONbKO HYNIEBOE peLLEeHME.

BbiBOA: CO6CTBEHHbIE 3HAYeHUA paccmaTpuBaemon 3agauum L-/1 (12)
He MOryT 6bITb OTPULLATE/IbHBIMM.
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3) Ecamc >0 (nyctb ¢ =A%, A #0), To obuiee pelweHne ypasHeHua (12):
X (xX) = Acos(Ax) + Bsin(Ax).

MoaumHMMm obliee pelleHMe rpaHUYHbIM ycnoBuAM 3agaum (12). bygem
MMeTb:

{lB —-hA=0,

15
A(=Asin Al + BcosAl) + h(AcosAl + Bsin Al) =0. )

BbIACHMM, CYLLECTBYIOT /i1 Takue A0, Npu KOTOPbIX onpeaennTesb mat-
puubl cuctembl (15) paseH O:

—h A
=0
—AsinAl +hcosAl AcosAl +hsin Al

2 2

22h

& (#-n?)sindl-22hcosil =0 < ctgil = (16)

3ameTum, uto, ecim A’ aBnaeTca KopHem ypasHeHua (16), To n (—A)
TaKke ABNAETCA ero KopHem. Toraa, Tak Kak ¢ = A%, A # 0, To ana
HaXOMAEeHNA COBCTBEHHbIX 3HAYEHWIA CneayeT BbIACHUTb, CKOJIbKO MO-
NOXKUTENbHbIX KOpHeN nmeet ypaBHeHue (16). paduyeckoe pelweHue
ypaBHeHus (16) (cm. puc. 1) no3sonaeT caenatb cneayolMii BbiBOA:



cyuecmeyem 6eCKOHeuHoe CHemHoe MHONCECMEO NOONCUTNETbHbIX KOD-
netl ypasnenus (16) A, ke N.

Ons Kaxgoro A = Ax cuctema (15) umeet HeHynesoe peweHue (Ax,Bx),
ANA KOTOpOoro

B, :%A\(, VA, #0.

Puc. 1. Fpadmuyeckoe pelueHne ypaBHeHUA (16)

CnepoBaTenibHO, COBCTBEHHbIe 3HaYeHuns 3aaaun LL-/1(12):
2
C =
roe Ak — NOMIOXUTE/IbHble KOPHU ypaBHeHua (16), n cooTseTcTByoLMe
UM COBCTBEHHbIE QYHKLUK:

X, (X)=A, cosikx+%AK sin4.x, vA #0.

Mycte Ak=2 V k € N.



BbiBog: 3agaya LLU-J1 umeeT pelleHmne:

X (X) =4, cosA4 x+hsinA x, k=12,.., (17)
roe Ak — NONOKUTENbHbIE KOPHW ypaBHEHUNA
—h?
tgl = : 18
8T ona =

MNoactasnas pag (11) e (8) n (10), nonyumm:

ST, (1) + 2222, ()X, (X) =0,

k=1

ST, )X, () = 9(x) ~ K~ = 4, (9.

Toraa dyHKumMm T(X) ABAAIOTCA pelleHnamMM cieaytowmx 3aga4d Kowm:

T 'O)+a’AT, () =0, T,(0)=y,, t>0, keN, (19)
roe
Vi = j P.(E) X, (§)E, keN. (20)
X k( s
3agaum Koww (19) umetot pewieHus:
T =76 keN. (21)
MNoactasme (17) u (21) B (11), nonyumm peweHue 3agaum (8)-(10):
w(x,t) = Zyke*("“k)zt (4, cosA, x+hsin A, x). (22)
k=1

3ameyaHue. PyHpameHTaNnbHbIM pewwieHnem 3aaa4m (8)-(10) (dyHkumeit MpuHa)
aBnaetca GyHKUMA:

G(x &) =2t T X, 00X, )



BbiBoA: 3a4a4a (1)—(3) umeeT pelieHune

u(x,t) = aX+ﬂ+i7ke_azﬂ‘§t(ﬂk cos A X+ hsin 4, x),

k=1
rae a, f vy, onpegenstorca no popmynam (7) u (20).

(e==| Hantn ||Xk (X)”2 AnsA cobeTBeHHbIX GyHKUMI (17). MonydeHHoe
=

BblpaykeHue npeobpasyiTe K BUAY, He coaeprKallemMy TPUrOHOMET-
pUYecKkux GyHKLNIA.
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n.5,84,c.152: Ne 38(2)

u =16u, +2, O0<x<7, t>0, (1)

u,(0,t)= u(7,t)=0, t=0, (2)

u(x,00=0, 0<x<7. (3)
1 cnocob6

Byaem uckaTb pelleHMe KpaeBol 3a4auun B BUAE pada no cobcTBeH-
HbIM QYHKLUMAM:

u(x,t) = ZT (t) cosED=, (4)

CobcTBeHHbIE DYHKLMK COS% ABNAIOTCA pelleHnem COooTBeT-

cTBytowen 3agaum Ltypma-/inysunns:
X"(x)+cX(x)=0, 0<x<7,



X'(0)= X(7)=0.
MNoacTasnas pag (4) 8 (1) u obbeamHana ABa paga B 04MH, NONYYUM:

= 4k +1)2 2 2k+1
I, (t)+%Tk () [cos! f4)”x =2

k=0

Otctoga nonyvaem gna k=0, 1, ... :

2 ¢ (2k+1)72x 8 K
Tk(t):7£2003 1 dx= -n",

T O+ (2k + )7

42k +1)2 72
49

MNoacTasnas pag (4) B HayanbHoe ycnosue (3), noaydnm:

3T (0)cosEDNE _0 = T,(0)=0 Vk=01,.

Takum obpasom, ana k =0,1,... noctpoeHbl cheaytouine 3agaum Ko-
wn:

T )+ M T () = 0k, t>0,

(2k )
T,(0) =0,

Pewwns 3agaun Kown, Hangem:

472 (2k+1)2,
T (t) ( 1) (2k+1)3 3 1 e 49 ’ Vk:Olll""

MoacTaBnasa HanaeHHble BbiparkeHua gna Tk(t) B (4), nonyuum pewe-
Hue KpaeBow 3agaum (1)—(3):

_ 98\ (1K Ar2(l)?, (2k+1) 7x
U(X’t)_;kz_;(zmﬁ (1 49 COS- =7




2 cnocob

PeweHue nwetca B Buge: U(xt) = v(x) + w(x,t), rae dyHkuma v(x) (ctaumo-
HapHaA COCTaB/AOWAA PELLEHWA), ONPeaeNAeTcs YCI0BUAMM:

16v'(x)+2=0, v'(0)=v(7)=0,
a dyHKuMa W(X,t) aBnseTca pelweHrem cneayioLeit KpaeBol 3a4auu:
w, (x,t) =16w,, (x,t), O<x<7, t>0,
w, (0,t) =w(7,t)=0, t=0,
w(x,0) =-v(x), 0<x<7.

rn.5,84,c.153: Ne 41(3)

u,—u, +2u, —u=e*sinx—-t, O0<x<z, t>0, (1)
u(0,t) =u(z,0)=t+1, t>0, (2)
u(x,0) =1+e*sin2x, 0<x<r. (3)

C nomoupbto npeobpasoBaHMii:
D u(xt)=t+1+w(x,t),
2)  w(xt)=e*z(x,t),

(4)

pellieHMe NCXOAHOM KpaeBoi 3a4a4mn CBOAUTCA K PeLleHnNto CaeayioLlein:

z,—2,=sinx, O<x<zm, t>0,
2(0,) = 2(z,t) =0, t>0, (3)
z(x,0)=sin2x, 0<x<r.

PeweHwne 3aaaun (5) uuietca B Buae:

2(xt)= 3T, (t)sinkx (6)
k=1



B (6) dyHkumm Sinkx, k =1,2,..., sasnaioTca peweHmem 3agaqm LLUTyp-
ma-Jlnysunna:
X"(X)+cX(x)=0, O<x<ur,
X(0) = X(x)=0.
Mocne noacTaHOBKM pAga (6) B ypaBHEHWE M HayasibHble YCI0BMA 3a4aun
(5) nonyunm cneayrouime 3agavum Kowm:

N T, ()+T,(t)=1 t>0,
To (0) =0,
2) T,(t)+4T,(t) =0, t>0,
Tl(o) =1,
3) Vk#1,2:
T,'(t)+k*T (t)=0, t>0,
T, (0) =0.
Pewwus 3agaun Kowun, Hangem:
1) T,(t)=1-¢e",
2) T2 (t) = e_4t’
3) T, (t)=0, vk #1,2.
MoactasnAs HaaeHHble BbipaxkeHusa ana T(t) 8 (6), nonyuymm peuweHue
Kpaesol 3agaum (5):
2(x,t) = (L—e "t )sinx+e* sin2x.

YuuTbiBana BbINONHEHHbIE NpeobpasoBaHus (4) kpaesoi 3agaum (1)—(3), no-
Jly4nm ee pelleHue B BUAE:

u(x,t) =1+t +(eX —e*! )sin X +e**sin2x.



JdomalwiHee 3apaHue

=
o~
— ¢.153: Ne 41 (4)
PelwnTb Npo6HbI BApPUAHT KOHTPO/IbHOM PaboThbl:
KOHTPOIILHAS PABOTA YMD

Tema: Pemenne xpaeBoll 3anaum g ypaBHeHusi napabosmue-
CKOTO THUIA

Hpumeprnii sapuanm

Hns cMemanHOil  Kpaepoil 3aja4i, pacceMmMaTpHBaeMoil B obiacTi
0<zr<l1, t=0O

Uy = Qtyy — 4(t — 1) + cos 3z + "3—2
ur(0,t) =1, ug(lt) =1,
w(r,0) =z — % + cos .

1) moctpoiite n pemuTe cooTBeTCTBYIOMYIO 3a1a4dy LITypuma-Jluysrnns;

2) nocrpoiite pemenne mMerogom Dypre.

KoHTponbHaA paboTta — 19 mapra




