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IIpakTyeckoe 3ansaTHe Ne 1

Mpocreiiwue 3agaum ynpaBneHna AUHaAMUKOK nonynauuii

3agaua 1
MycTb cBOBOAHOE pa3BUTME NONYAALMKN ONUCbIBAETCA Modenbto ManbTyca
N =eN, (1)

rae N(t) —uncneHHocTb (MM 06bem BUomacchl) NONYAALMK B MOMEHT Bpe-
meHu t; € - KoadPuumeHT npupocTa, € = CONst.

Ecam N(0) =N, =0, to N(t) = Noe‘gt. MHTerpasibHble KpuBble ypaBHe-

HuA (1), cooTBeTCTBYIOWME PA3MYHBLIM HavaabHbIM AaHHbIM No, n306pa-
¥eHbl Ha puc. 1. KauecTBeHHOE NoBegeHUe peLleHns 3aBUCUT OT 3HaKa Ko-
adduuymeHTa npmpocTa &.

N N N

>0 c=0

Puc. 1

1. Ecnm g >0, o npu VNg > 0 HabntogaeTca HeorpaHMYEHHbIM POCT Nomny-
NAUMK.

2. Ecan € = 0, TO YNCNEHHOCTb MOMNYAALMM COXPAHAETCA Ha HayasbHOM
ypoBHe.

3. Ecnme <0, 1o npu VNo > 0 HabtogaeTca BbIPOXKAEHWE NONYAALUN NPK
t — +o0.

Moa ynpasnenunem U(t) bygem noHMMaTb U3bATME U3 NONYAALMUN HEKOTO-
poro KonunuyecTtea ocobelt (Mamn buomaccsl). MNpu 3TOoM AMHAMKMKA Nonyna-
LMK OMUCIBAETCA YPAaBHEHUEM
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N =N —u(t). 2)
B cnyuae, korga U(t) = Uo = const, pelweHune ypasHenus (2) ¢ HauanbHbIM
ycnosnem N(0) = N, umeer sug N(t) =N, —%)e“’t +%, ecm € # 0,
n N(t) =N, —uyt, ecme=0.

MHTerpanbHble Kpusble ypaBHeHus (2) n3obpakeHsl Ha puc. 2.

N N N

>0 =0 <0

Puc. 2

1. Ecnm e <0, To npu Nto60W HaYanbHOM YNCAEHHOCTM NONYAALUUN HabAto-
[OAEeTCs BbIPOXKAEHME NONYAALMM 32 KOHEYHDbIN MPOMEKYTOK BPEMEHM.

2. Ecam g€ > 0, To npn No < Ug/e nonynauma BbIPOXKAAETCA 338 KOHEYHbII
NPOMEKYTOK BPEMEHMU.

3amaua 2

MycTb cBO6OAHOE pa3BUTHE MONYAALMMU ONMCHIBAETCA NOTUCTUYECKON MO-
aenbio’

N =(g—aN)N, (3)

rae N(t) —uncneHHocTb (MM 06bem BUoMacChl) NONYAALMU B MOMEHT Bpe-
MeHu t; & - KoadpduumneHT NpmpocTa nonynsaumm 6e3 yyeta IMMUTUPYIOLLUX
$aKTOpoB, @ & - HEKOTOPbIMA MapameTp, YYUTbIBalOWMIA BANAHNE UX Oeit-
cTBuA (Hanpumep, KO3GPULMEHT BHYTPUBMUAOBOMN KOHKYpPeHLMM). Mpuuem
npeanonaraeTca, YTo & o ABNAOTCA NONOKUTENbHBbIMU KOHCTaHTaMM.

! Noructuueckaa moaens asnsetca obbluHOI B 3KonorMKn. MoxHo cebe npeacra-
BUTb, Hanpumep, uTo N — 370 KoAnYecTBo pbib B 03epe AN MUPOBOM OKeaHe.



MpaKkTnyeckoe 3aHATHE 3

Ecam N(0) = N, 10

N, K

N = kN

roe K = £, 4
a

OueswnaHo, ecim N, #0, To  lim N(t) = K.
t—>+o0

DomawHee 3agaHne

MokasaTb, YTo pelleHune 3aga4m Kowm ana ypasHeHus (3) onpe-
penaetca ¢opmynoii (4).

V|3y‘-IVITb TEeMY: MocTpoeHMe UHTErPaIbHbIX KPUBbIX U $a30BOro
nopTpeTa aBTOHOMHOIO ypaBHeHUA

13 deBpana 2026 r.

IIpakTuyeckoe 3ansaTue Ne 2

3amaua 2 (npogonxeHue)

da30BbIi NOPTPET M MHTErpasibHbIe KPUBbIE ypaBHeHus (3), COOTBETCTBYIO-
LMe Pa3IMYHbIM HEOTPULLATENbHBIM HauanbHbIM AaHHbIM No, 306paskeHsbl
Ha puc. 32
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Puc. 3

2 Cm. meTog, nocTpoeHuns Gpa3oBoro NOpTPeTa U MHTErpanbHbIX KPMBbLIX aBTOHOM-
HOro ypaBHeHuA B http://math-it.petrsu.ru/users/semenova/MathECO/Lec-
tions/Math basic/Integr curve FP.pdf
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Ecan HeT ynpasaaowmx BO34eMCTBUIM HA NONYAALUNUIO, TO NPKU N1060N HeHy-
IeBOM ee Havya/IbHOM YNCNIEHHOCTU HabtogaeTca cTabuamsaums YNCNeHHo-
cTM Ha paBHoBecHom ypoBHe N = K. MapameTp K Ha3biBalOT eMKocmobto
cpedbl. HeHyneBoe MONOMEHME PaBHOBECUA ABAAETCA aCMMNTOTUYECKU
YCTOMUMNBBIM.

Mog ynpaBneHuem U(t) byaem NnoHMMaTb U3BATUE U3 NONYAALUN HEKOTO-

poro Konuyectsa ocobei (Mam buomacchl). Mpu 3TOM AMHAMKKA NONyAs-
UMM ByaeT ONUCbIBAaETCA ypaBHEHMEM

N =(8—aN)N —u(t). (5)
He pewwasn ypaBHeHue (5), B cnyyae, Korga U(t) = Up = const >0, BbiicHUM,
KaK By/eT M3MeHATbCA YNCAEHHOCTb NoNyAALmMMK®,

MHTerpanbHble KpuBble ypaBHeHUA (5), UANIOCTPUPYIOLLME 3BONIOLMIO YUC-
NIeHHOCTU NonynauMn, usobpaskeHbl Ha puc. 4.

eK

I'Ipm MHTEHCUBHOCTU U3DBATUA UO <T n3meHeHnAa YNCNeHHOCTU COCTOAT

B cneaytoliem. MmetoTca ABa paBHoBecHbIX coctoaHus, A u B. CoctosHne A
yctoinumso. OHO MeHblie, Yem paBHoBecHoe cocToAaHue K B cucteme 6e3

N3DBATUA:
2
£+,/&° —4au &
A= 0 <2 =K.

2a a
Monynauua BOCCTaHaBAMBAETCA NPWU MasibiX OTKIOHEHWUAX YUCAEHHOCTU OT
paBHOBECHOIO 3HaYeHus A.

CocTosiHWe B HeycToMuMBO: eciv BCneacTBUE KAKUX-TMBO0 NpUYMH pasmep
nonyaaunn ynageTt HUXKe YpoBHSA B, To B ganbHenwem nonynauus (xota u
MeZJ/IEHHO, eciv oT/iMume oT B HeBenuko) byaeT yHUUTOXKEHA NONHOCTHIO
3a KOHeYyHoe Bpems.

K

an UHTEHCUBHOCTU N3BATUA UO = T nmeeTca o4HO NoJI0KeHNe paBHO-

secua: A=B 2%, KOTOpOe He fBAAETCA YCTOMYMBLIM (MOKHO CKasaTb,

4YTO OHO ﬂOHYYCTOVIHMBO). |_|0I'Iy1'IFiLI,I/IFl YHUYTOXKAETCA 3a KOHEYHOE BpeEMA,

3 Hanpumep, KaK cKa3blBaeTcA pbl60ﬂOBCTBO C MNOCTOAHHOM MHTEHCMBHOCTbIO Ha U3-
mMmeHeHune YNCNEeHHOCTU pbl6.
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€C/NIM YUCIEHHOCTb MOMNYAAUMU B KAaKOW-IMBO MOMEHT BpPEeMeHW CTaHeT
meHbLe A.

f=(g—aN)N-u,, K=<
[04

Puc. 4. dazoBble NOPTPETLI U UHTErPanbHble KpUBble ypaBHeHUs (5),
koraa U(t) = up=const
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&K

an UHTEHCUBHOCTU U3DATUA UO > 4 nonynauma yHUYTOXKaAETCA 3a KO-

HeYyHOoe Bpema npu noboi ee HayanbHOM YNCIEHHOCTH.

Takum o6pasom, NpPU HEKOTOPbIX 3HAYEHUAX YNPaBAAEMOro napameTpa
Uo (MOCTOAHHAA MHTEHCUBHOCTb U3BATUA) IKCNIyaTaumua NONyAALUN MO-
YKeT NPUBECTU K NOSIHOMY €€ YHUUTOXKEHUIO.

M3bATME C NOCTOAHHOM UHTEHCUBHOCTbLIO COOTBETCTBYET «XXEeCTKOMY N1aHn-
pOBaHWUIOY. YCTOMUYMBOCTb IKCNAYAaTUPYEMOI CUCTEMbI MOMKHO BOCCTaHO-
BUTb, €C/IM 3aMEHUTb }KECTKOE NIaHMPOoBaHNe 06paTHOM CBA3bIO.

JomaliHee 3aaaHue

1. BbIﬂCHMTe, KaK 6yp,eT MU3MEHATLCA YNCNEHHOCTb nonynauunu,
ecm U(t) = N (t), y =const > 0.

2. MNpwn ycnosmm cBobOAHOrO pPasBUTUA NOMYAALMM, KOTOPOE
OMUCbIBAETCA NOTMCTUYECKUM YPaBHEHMEM

N=ﬂ(K—N)

¢ HauanbHbim yenosnem N(0) = N, < K, nocrpoiite dyHk-

umio t(N), c nomoubio KoTopoit onpeaenseTca Bpems, He-

06x04MMO€e AN U3MEHEHUS YUCNEHHOCTU nonyasauuu (unm
obbema 6momacchl) ¢ yposHA No 4o ypoBHa N.

NeKuusa - 10 despana 2026 .

3agaya onTHMH3ALNH MmepexoaHoro mpouecca

Mpu pa3paboTke METOA0B PaLMOHaAbHOW 3KCMAyaTaLMm Nonyaaumnin Bos-
HWKAIOT 334241 MOUCKA ONTUMAJIbHBIX PEXMMOB YNPABAEHUA NONYAALUNEN.
OfHOV U3 TaKUX 3343y ABNAETCA 3afa4Ya ONTUMMU3ALMM HEKOTOPOTO nepe-
XOAHOro npouecca, B pe3y/ibTaTe KOTOPOro NonyaAuua nepesoguTca C
OAHOr0 CTaLlMOHAPHOIO PeXXMMa IKCMayaTauuu Ha APYron. ITa 3ajauya
MOXET UMETb CMbIC/I, HanpUMep, AR UCKYCCTBEHHOMO BbIPALMBAHMSA MO-
NyAauMi pbl6, NPU KyNbTUBMPOBAHMM NONYAALMIA MUKPOOPTraHU3MOB U1 T.A.



MpaKkTnyeckoe 3aHATHE 7

PaccmoTpum pelwweHune aToM 3a4a4n Ha OCHOBe ypaBHEHNA ANHAMUKUN YUC-
NEeHHOCTN nonynaunn

N = &N —y(t)N(t). 3)
KOTOpOE y4YWTbIBAeT U3bATME U3 NONYAALMUM, NPOMOPLUOHANBHOE ee YnC-
nenHoctn (U(t) = y(t)N(t) — ynpasnenune (u3baTHe) ocyuiectenserca no
npuHuMny obpaTtHom cBaAsn).
MycTb NepBOHaYaNbHO NONYAALMA IKCNYATUPYETCA B CTALLMOHAPHOM pe-
Xume, T. €.
N(t) = N, =const Vt>D0.
Takol pexkum peanusyetca npu y(t) =& V t > 0. 06bem nsbimaemoli bmo-
Maccbl B e4MHWLY BpeMeHU B 3TOM cy4vae paseH €No.
MpeAnonoXmMm, YTo BO3SHMKAET HEOBXOAMMOCTb YBEIMUUTD BENNYMHY U3b-
ATWA B N pas, Nnepeiaa Ha HOBbIW CTALMOHAPHDBIV PEXMM SKCNAyaTaumm
N(t) =nN, =const Vvt>0.

3ameTum, 4YTo Aaxe cBoboaHOM nonynsumn (6es ynpasneHus) ana ysenu-
YeHMA YNCAEHHOCTU B N pa3 HYXKHO Bpema:

Ty =LInn,

Coopmynmpyem 3agady onpepeneHns OnNTUMasnbHOro yrnpasneHus (pe-
*uma akcnayataumuu) y(t) 8 nepmog, (0, T), 3a KOTOpPbIN YMCAEHHOCTL NoOMNy-
NALUKN [ONMKHA U3MEHUTBCA B N pas. Tak Kak y(t) > 0, To, pasymeeTcs umeet
cmbicn Tonbko T > To. Onpegenum sennumnHy J obuiero obbema n3bATUA 3a
BpemMA nepexoaHoro npouecca T:

J = [yON@® 4)

dopmynupoBKa 3a[auM ONTUMAJIBHOTO ynpaBaeHuA. OTbiCKaTb ONTU-
masnbHoe ynpasneHue ¥ (t), obecneumsatowee npu 3agaHHOM BpeMEHM
nepexogHoro npouecca T (T >Ty) mMakcMManbHyH BEAUUYMHY O6LLErO U3b-
atma J.

PeweHwue ypasHeHus (3) c HavanbHbim ycnosmem N(0) = No umeet Bua:
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t
N(t) = N, exp(,st -| y(r)dr]. (5)
0
Beegem BcnomoraTesibHYyt0 GyHKLUMIO

fy=N (‘) _ exp( jy(r)dz‘] (6)

Cc o4yeBNOgHbIMUN CBOMCTBaMMU:
f(0)=1 f(T)=n, 0<f(t)<e?, vt (7)

MNoactasus (5) B (4), BbINOAHUM NpeobpasoBaHue BbipaxkeHus ana J, uc-
Mo/ib3yA NPaBuI0 MHTErPUPOBAHMA MO YacTAM U BBeAeHHYI0 GyHKumio f(t):

J = Nojy(t) exp(et —jy(r)d r}dt = —Noj.ead(exp(— jy(r)d z’]] =

T
= No[f(O)— f(T)+gjf(t)dtJ.
0
YyutbiBan csoiictsa (7) dyHKumm f(t), nonyumm:
T
J= N{l—n+g_[f(t)dt} (8)
0

OueBunAaHo, uyTo BMecTo Y(t) ynpasastowein GyHKLMENn MOKHO cumTaTb f(t).
HeTpyaHO BMAETL, YTO pelleHMe 334341 Ha MaKCUMYM NPW OrpaHnYeHmax
(7) naeT dyHKUMA, onpeaeneHHan Ha otpeske [0, T], cneayowmm obpasom:

P
e 0<t<T
f(t)= ' ’ 9
® {n, t=T. ©)

[ins onpeaeneHus onTumanbHoro ynpasnenua ¥ (t), socnonbsyemca dop-
mynoii (6). OTKyaa Hangem:

L ©f 0  0<t<T,
jy(r)drzgt—lnf(t)z{ )
0

=(T =Inn)y(t=T),
gl —Inn, t=T (¢ )2( )
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rae x(t) — dyHKuma Xesucanga®.
OnddepeHumpya nonyyeHHoe paBeHCTBO, HakAeM

y®)=(eT =Inn)s(t-T), (10)
roe 8(t) — 5-dbyHKuma Oupaka®.

Mpw 3TOM ONTUMaNbHOM YNPaBJAEHUM BEIMYMHA ONTUMMU3UPYEMOTO DYHK-
umoHana J byger paBHa:

P ©)
J= No(l—n+gj f(t)dt): N, (e —n). (11)
0

HaingeHHbIN BUA, onTUmanbHoro ynpasneHusa (10) o3HavaeT, uto cneayet
NPeKpaTMTb IKCMAyaTaumio NONyAsALUMM Ha BECb NepexoaHon nepurog, a 3a-
Tem B MOMeHT BpemeHu t = T u3bATb M3NNLLKKM, AOBEASA YNCJEHHOCTb NMomny-
naummn go seanumHbl N1 = nNo.

¢ (0) = 0, t<0O,
V=11 >0

5 http://math-it.petrsu.ru/users/semenova/MathECO/Lections/Math basic/Func-
tion Dirak.pdf
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