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OpHopoAHble ypaBHEHUA

NHTerpMpoBaHMe 0AHOPOAHbIX YPAaBHEHU

Onpepenenue 1. dyHkuma F(X, y) HasbiBaeTca 00HOPOOHOU, ecnn YV A >0
cnpaseanvso Toxaectso F(AX, Ay) = AX F(X, y). Yncno Kk HasbisatoT
nopsadkom (N1 cmeneHoio) 0 AHOPOAHOMN GYHKLMN.

Mpumepsbl
2 2
X x+2y X +4y — 0HOPOAHbIE GYHKLMN HYNEBO-
y' 3x-y’ x2 ro nopaaka, k=0
X+ 2x* —y? 3Xy — 0AHOPOAHbIE GYHKLMM NOPAA-
" x+2y ' x-5y kak=1

2x3 — 2xy?

X2 — 4xy X" — Xy — 0[IHOPOAHbIE PYHKLMM Nopaa-

X+Yy Kak=2

OnpeaeneHue 2. YpaBHeHUe B HOpManbHoM popme
y'=f(xy), (1)

B KOTOpPOM npaBsas yacTs f(X, y) ABnaeTca ogHopoaHON GyHKLMEN Hy-
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neBoro nopAagkKa, Ha3blBatoT OaHOpoaHblM.

YpasHeHue B guddepeHumanax

M (X, y)dx+ N(x,y)dy=0 (2)
6ynet 00HopodHbIM, ecnmn dyHKLMK M(X, ¥) n N(X, y) aBastoTca ogHopos-
HbIMW O4HOTO U TOTO e NnopajakKa.

Mpu X =0, nonaraa A = % , YpaBHeHue (1) npuBogmMTCa K BUAY

y'= g[l} ()
X
a ypaBHeHue (2) — K Buay:

ol
o {2 52} )2} 2

YpasHeHus (1') 1 (2’) c nomoulbio 3ameHbl

7= Y (tre. Yy =12X) (3)
X
NpPMBOOATCA K YPaBHEHUNAM C pa3genarowmmnca nepemeHHbIMN.

OevicteutenbHo. Tak Kak Y'= Z + XZ', To ypasHeHue (1’) npu 3ameHe (3)

npnBoauNTCA K BUAY:
z2+x2'=9(z) & xz'=9(2)-z. (4)
Tak kak dy = zdx+ Xdz, To ypasHeHue (2’) npu 3ameHe (3) npusoamUTCA K
BUAY
m(z)dx+n(z)(zdx+xdz) =0 <
(m(z) + zn(z))dx + xn(z)dz = 0.

(4) n (5) — ypaBHeHMA ¢ pa3gensaowmMmmca nepemMeHHbIMM.

(5)

Ne 101 [®]: (x+2y)dx—xdy=0. (101.1)



YpaBHeHne (101.1) sBnsetcs oA4HOPOAHbLIM, TaK Kak ana OyHKUMA
M(X,y)=X+2y n N(X,y) = —Xumeem

M (X, Ay) = AX + 24y = A(X + 2Yy) = A(X+ 2y) = AM (X, Y),

N (Ax, Ay) = —Ax = AN (X, y).

®dyHKummn M(X, y), N(X, ¥) — oaHOpoaHble 1-ro nopaakKa.

Jlerko yctaHoBMUTb, YTO ABNIAETCA peleHnem 3a4aHHOro ypaBHe-
HUA.

MNoaenus ypasHeHue (101.1) Ha X, noay4ymnm

(1+ ﬂde—dyzo. (101.2)
X

3ameHa Yy = ZX B No/ly4eHHOM ypaBHEHUM AaeT:
(1+2z)dx—(zdx+xdz) =0 < (1+2z)dx—xdz=0. (101.3)

OaHVMm U3 peweHnit ypasHeHus (101.3) ssnsetcs .
Haligem octanbHble peweHnna ypaBHeHua (101.3). Pasgenvs nepemen-
Hble B ypaBHeHuun (101.3), byaem umetb
dz _dx o dz X o 14 zl=In|x[4C, CeR.
1+z X 1+z X
Mony4yeHHbI 06N MHTerpan ypasHeHua (101.3) moxKHO npeobpaszo-

BaTb cneayowmm obpasom:

|1+z|=e° | x|, CeR < 1+z=Cx, CeR\{0}.
Takum obpasom, obLwmm peieHnem ypasHeHus (101.3) byaer

z=Cx-1, CeR| (101.4)

(peweHune z = —1 nonyyuaetca npu C = 0)
BbinonHnB obpatHyto 3ameHy B (101.4), nonyumMm obuiee pelleHue
ypaBHeHus (101.2).
Omeem:

Xx=0,
y=x(Cx-1), CeR.




No 103 [®]: (y? —2xy)dx+ x°dy = 0. (103.1)

OyHkun M (X, y) = y2 —2xy u N(X, y) = X* aBnatoTca 0AHOPOAHBIMM
nopsagka 2. CnefoBaTenbHO, 33jaHHOE ypaBHEHWE — OAHOPOAHOE.
OgHVMm U3 peweHni ypasHeHus (103.1) senseTtcs

Mpwu X # 0 nogenue ypasHeHue (103.1), nonyuum:

(y—:—zljdx+ dy =0. (103.2)
X X
BbinonHue 3ameHy Y = zX, byaem nmetb:

(z? —22)dx+xdz+zdx=0, z(z-1)dx+ xdz=0. (103.3)
OuesungHo, | 2=0 ‘VI ‘ z=1 ‘ ABNAIOTCA peleHnaMmM ypasHeHna (103.3).

Pasgensn nepemeHHble B (103.3), Haliaem ocTanbHble pelleHusa:

dz_ __dx j(i_l}jz:_ﬁdxumm,ceR\{O},
X

2(z-1) X' z-1 z
Inz—_lz—ln|x|+ln|C|, ZT_1=%,CER\{0}.
Monyunnu sce pelleHuns ypasHeHuma (103.3):
z=0, 1:1—9, CeR. (103.4)
z X

(peweHue z = 1 nonyyaetca npu C = 0)
BbinonHue obpatHyto 3ameHy B (103.4), nonyynm BCe peLleHuns ypasHe-
Hua (103.2):

y=0, x*=y(x-C), CeR.
Omeem:

?=y(x-C), CeR.
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Ne 82 [®]: Kycok meTanna ¢ TemnepaTypoi a rpafycos NOMeLLEH B
neyb, TemnepaTypa KOTOPOI B TeYEHMe Yaca PaBHOMEPHO MOBbIWA-
eTca ot a go b rpaaycos. Mpu pasHOCTM TemnepaTyp Nevn u meTanna
B T rpasycoB meTann Harpesaetca co ckopocTbio KT rpaaycos B mu-
HyTy. HalTn Temnepatypy meTtanna yepes yac.

0603HauUuMm:

X(t) —Temnepatypa Kycka meTanna yepes t MUHYT NOC/ae NOMeLLEHUA
B Neyb;

y(t) —TemnepaTypa neum yepes t MMHYT Nocae Hayana NOBbILEHUSA
TemnepaTypbl.

Ona y(t) nmeem:

y)=at+ B, y(0) =a, y(60)=b = y(t):a+bG_—Oa-t.

Torpa gna X(t) byaem umerts:

X'(t) =k(y(t) - x(1)),
b-a
y(t):a+ﬁ-t, (1)

x(0)=a.



_ ke
3apaua (1) umeert pewenne X(t) =a+ b60a -(t —1 lf j

Toraa X(60) = b—%(l e %%).

OaHopoAHble ypaBHEHUA
Ne 107 [®]: Xy—y = Xtg . (107.1)

3ameTm, uto X # 0. Mpun 3Tom ypasHeHue (107.1) MOXKHO NpuMBECTM K
BMAY:

y=J T+ tgl (107.2)
YpaBHeHne (107.2) aBnsetcA OAHOPOAHbLIM. BbINOAHMM B HEM 3aMeHY
y = ZX. B pe3ynbTate nonyuymm

Z+X2'=7+1t9z, xz'=tgz. (107.3)
Pewas ypasHeHune tgz =0, Hallaem peweHnsa ypasHeHus (107.3)
z=7K keZ,|
KOTOpPbIE MOXKEeM MOTepPATb NPU pasaeieHNn NepemeHHbIX:
9 _tgy, GL_OX pdz_rdX ¢ cer,
dx tgz X tgz X

In|sinz|=In|x|+In|C|, CeR\{0},

sinz=Cx, C e R\{0}.
Tak Kak Sinz=0 = z =k, k€ Z, 10 0611MM pelueHnem ypaBHeHUs
(107.3) aBnsetca cneayowee Sinz =Cx, C e R. BbinonHus obpatHyto
3ameHy, Noay4nMm

Omeem: sml Cx, CeR.

X




Ne 109 [®]: xy'=y =(Xx+Yy)In X; y (109.1)

+
O6nacTb onpeaeneHna ypaBHEHUA ONUCbIBaeT HEPABEHCTBO y > 0.

Moaenus npasyto 1 NeByto YacTb ypaBHeHUA (109.1) Ha X, noayynm
X+ X+
y'_l _Xty |n_y , y'= X+(1+len(l+zj. (109.2)
X X X X X X
CnepoBatenibHO, ypaBHeHue (109.1) asnaetca ogHopoAHbIM. lonaras
y = ZX, anAa ypasHeHua (109.2) byaem nmeTb
2'X+z=z+@0+2)Inl+2z) < xz'=@Q+2z)In(1+2). (109.3)
MonyyeHHoe ypaBHEHME SABAAETCA YPaBHEHWEM C pPasaenstomMmuca
nepemeHHbiMn. OueBMAHO, ABNAETCSA PEeHUeM ypaBHEHUS.
Haligem ocTanbHble, pasgenan nepemeHHble:
dz _dx J- dz
1+2)Inl+z) x  ?@+2)Inl+2)
In|Inl+2) |=In|x|+C, |In(l+2z)|=C,|x]|, C,>0,
In(l+2)=Cx, CeR\{0}|
Takum obpasom, obLwmm peleHnem ypasHeHus (109.3) byaer
In(l+2)=Cx, CeR| (109.4)
(peweHune z = 0 nonyuaerca npu C = 0)
BbinonHnB obpatHyto 3ameHy B (109.4), nonyumm obuiee pelleHue
ypaBHeHus (109.1).
X+Yy
X

=I%+c, CeR,

Omeem: |[In =Cx, CeR.

3ameuaHue. TaK Kak IirrlI (z+1)In(L+ z) =0, 1o, ecnn goonpenennTb Hy-
z>-1-

Nlem npasyto 4acTb ypasHeHua (109.3) npu z = —1, pewieHmem ypaBHeHUs
(109.3) 6ypet n z=—1. Torpga un byaer peweHvem ypaBHeHua (109.1).
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YpaBHeHusA, NpuBoAALLMECA K 0GHOPOAHOMY

YpaBHeHune B1aa
dy . [ax+by+g
Z=f| 1, (*)
dx ax+b,y+c,

al bl

b # 0, c nomowpio noacraHoskn Yy =U+ f, X=V+a,
a‘Z 2

ecnm

rae o, B — peweHne cuctembl
aa+bpf+c, =0
a,a+b,p+c, =0,

NPMBOAUTCA K OAHOPOAHOMY YPaBHEHUIO

@:f a,v+bu .
dv a,v+b,u

Ecan & El =0, 7o a, =ka,, b, =kb,, v ana ypasHenus (*) byaem
a b,
NMETb:
dy a,xX+by-c
2 =fl 21 L_|=g(a,x+by). *
dx (k(alx+bly)+c2] 9(@x+byy) ™

Ecim b, # 0,70, BbinoNHMB B ypasHenun (**) sameny Z=aXxX+by,

NPUAEM Y YPaBHEHUIO
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1 (dz dz
— | —=-q, |=0(2) & —= Z)+4a,.
“ b, ( < 1) 9(z) i 19(2) +a

Ne 114 [®]: (2x+ y+1)dx—(4x+2y —3)dy =0. (114.1)
C nomoubio 3ameHbl Z =2X+ Y, Y =1Z—2X, ypaBHeHue (114.1) npu-
BOAMTCA K BUAY:

5(z-1)dx—-(2z-3)dz=0. (114.2)

OueBngHo, ABnAeTcA peweHme. OcTanbHble pelweHna Hangem,

pa3fenvB nepemMeHHble:
22-3
z-1

22-3
z-1

5dx — dz=C,

dz =0, Ide—I

9X — (Z—Lsz:C, 5x-2z+In|z-1|=C, CeR.

Mony4eHHbIN 06LWMI MHTErPan MOXHO NPUBECTU K BUAY
z-1=C,e"™,

B pe3synbTate noayumnum obuiee pelieHne ypasHeHus (114.2) (peweHue
Z = 1 nonyyaetca npu C; = 0).
Bo3Bpallanch K nepeMeHHbIM X 1 Y, Noly4um

Omeem: |2X+y-1=Ce®™, CeR.

Ne 116 [®]: (x+4y)y'=2x+3y-5. (116.1)

X+4y =0, X =4,
=
2x+3y—-5=0, y=-1
TO C NOMOLbIO NOACTAHOBKU
y=u-1 x=v+4

Tak Kak

ypaBHeHue (116.1) npusoauTca K BUAY



(v+ 4u)(;|—u =2v+3u, (v+4u)du—(2v+3u)dv=0. (116.2)
v

MonyyeHHoe ypaBHEHWE ABNAETCA OAHOPOAHbIM. [NA ero pelleHus
BOCMo/ib3yemca 3ameHol U = zv. Tak kak du =vdz+ zdv, to gna ypas-

HeHus (116.2) byaem numeTb
V(1+4z)(vdz+ zdv) = v(2 + 3z)dyv,
v(1+4z)dz = -2(2z% — z —1)dyv,
V(1+4z)dz =-2(2z +1)(z —1dv. (116.3)

MonyyeHHOEe YypaBHEHME ABAAETCA YpPaBHEHMEM C pPas3aenAlowmMmuca

nepemeHHbIMK. OueBuaHo, |Z= 1| u ‘Z= —1/2‘ ABNAIOTCA ero pelle-

Huamm (v =0naBnseTtca peweHnem ypasHeHus (116.3), Ho He aBaseTcA
pelweHnem ypaBHeHuA (116.2), Mo3TOMy OHO MCK/OYaeTca U3 AanbHen-
wero paccmoTpeHus). OcTanbHble peleHns HaWAem, Pasgenve nepe-
MEHHbIE:
4z +1 dz = dv I 4z +1
22z+1)(z-1

222+0)z-1 v

TakK Kak

dz=—jﬂ+c, CeR.
Y

4241 _ 1 5
22z+1)(z-1) 3(z+1) 6(z-1)'

TO ANs ypaBHeHus (116.3) nonyunm obLwmii nHTErpan

%In|22+1|+gln|z—1|+ln|v|:C, CeR,

KOTOPbIN MOXHO nNpeobpa3oBaTb K BUAY
(2z+1)(z-1)°v® =C,. (116.4)
Taknum obpasom, Noay4ymnnm peleHme ypaBHeHma (116.3) s suae (116.4).

(pewenna z=1wu z=-1/2 nonyuatorca npu C; = 0)
Bo3BpalLasnch K NepeMeHHbIM X U1 Y:



z—E—y+1
v x—-4'
MNonyunm
5
(2 Y+1+1j(y+l_ j (X_4)6 :C,
X—4 -4

(2y+x-2)(y—x+5)°> =C.
Omeem: |(y—X+5)°(x+2y—-2)=C, CeR.

JdomaliHee 3agaHue

[®] NeNe 113, 117.
MoaroToBKa K caMoCTOATEIbHOWN paboTe

23.10.2025
3aHatue N2 9 ~—I
2 2
Ne118 [®]: y'= 2( y+ J . (118.1)
X+y-1

TakKak X+ Y —1=X—-3+ Y+ 2, ToC NOMOLLbIO 3aMeHbI
u=y+2, v=x-3,

ypaBHeHue (118.1) npuBoguTCs K BUAY

2 2
ﬂ=z(_“ j =2[ u/v ) (118.2)
dv u+v u/v+1
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YpaBHeHune (118.2) aBnseTca ogHOpoAHbIM. [nA ero peweHus BoOC-
nonb3yemca 3ameHoi U = zv. Tak kak du =vdz+ zdv, To ana ypasHe-

HuA (118.2) byaem numetb

vdz + zdv z dz z
=2 ’ V—=2 — -,
dv z+1 dv z+1

y dz _ 2(z° +1)
dv  (z+1)?
I'IonyquHoe YpaBHEHNE ABNAETCA YypaBHEHMeEM C pasaeArnwnmmmnca
nepemeHHbIMU. O4YeBUaHO, asnaeTca ero peweHnem. Octanb-
Hble peweHnA Haﬁﬂ,eM, pasnennse nepemeHHble:

(118.3)

2 2
1+72) dz__ﬂ J'Mdzz_ln|v|+c, CeR

2(z2+1) v Y222 +))

TakK KakK

@+z" 1, 2

2(z2+1) z 72?2 +1
TO bygem umeTtb

In|z|+2arctg(z) =—In|v|+C, In|z|+In]|v]=-2arctg(z)+C.
Mony4yeHHbI 06N NHTerpan ypasHeHMAa (118.3) MoXKHO npuBecTn K
BMAY:
v = C,e 2™,
Takmum obpasom, nonyunamn obuiee peweHne ypaBHeHusa (118.3) (pewe-
Hue z = 0 nonyuaetca npm C; = 0).
+2

u
BbiNnosHMB 06paTHyO 3amMeHy Z = — = y—3 , NOJlyYnMm OTBET.
Vv X—

—2arctgy—Jr2

Omeem: |y+2=Ce 3 CeR| (118.4)




, y+X y+X
Ne 119 [D]: +1)In = .
[ ] (y ) X+3 X+3

(119.1)

BbinonHuB B ypaBHeHun (119.1) 3ameHy
Y+ X
X+3

NoIyYnM ypaBHeHUE

(Z7(x+3)+2)Inz=z < z7'(x+3)Inz=z(1-Inz), (119.2)

KOTOpOE AB/AETCA YPaBHEHMEM C Pa3aeNAoWMMNCA NepemMeHHbIMMU.

OueBunaHo, ABNAETCA pelleHMemM ypaBHeHua (119.2). Haiagem

OCTa/IbHblE PEeLleHUs, Pasaenan NnepemeHHble:

Inz dx J~ Inz

=

>0, y=z(x+3)—-%, y=z'(x+3)+z-1,

— 7z =- ,
z(Inz-1) X+3

=— —+C CeR,
z(Inz—l) X+3

jl'”zldlnz=—|n|x+3|+c, INz+In|Inz—1]=—In|x+3|+C.
nz-—

Mosnyy4yeHHOE pelleHne MOXKHO NPeobpasoBaTh CAeayOWMM 06pa3om:
C
In|Inz-1=C-In(z|x+3]), Inz-1=———.
zZ(x+3)
3ametmm, ytonpn C1=0 z=e
Takum obpaszom, obLmMm pelieHnem ypaBHeHus (119.2) asnaetca:

C
Inz-1=———, CeR.
z(x+3)
Bo3BpalLanch K nepemeHHbIM X 1 Y:
+X
7= y ,
X+3
MONY4MM OTBET.
+ X C
Omeem: |In y = +1 CeR.

X+3 Yy+X




m‘m] AdomaliHee 3apaHue
[_A [&] NeNe 113,117,120, 402.

MoarotoBKa K camocTosTe/ibHoM paboTe
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